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INTRODUCTION 
Let K denote the collection of all analytic functions f on the unit disc A, nor- 
malized by the conditionf(0) > 0, for which 
0 < If( < 1, 
for all z E A. Let 
f(z) = E a,z”. 
n=O 
The problem to determine 
is usually named after Krzyi. An account of this problem can be found in [3]. 
Recent results were obtained by Ermers [2] and Peretz [4]. 
There is a close connection between K and the class P of analytic functions p 
on A with positive real part and normalized by the condition p(0) = 1. A func- 
tion f belongs to K if and only if there exist a number (Y 2 0 and a function p E P 
such that 
f = exp(-cup). 
Herglotz’s representation theorem ([5] page 4) implies that for every f E K there 
is a number Q > 0 and a probability measure /I on [0,27r] such that 
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f = exp(-a J ke dp) 
where 
1 + eiTYz 
kgj(z) = p. 
1 - ei19z 
If o # 0 the measure p is uniquely determined by f. We call p the probability 
measure associated to f. 
Since K u (0) is compact with respect to locally uniform convergence we 
know that real continuous functionals attain a maximum on K u (0). It is very 
convenient to consider the collection B of analytic functions g on A for which 
]g(z) 1 2 1 for all z E A. B consists of the same functions as the closed unit ball in 
H 03. The extreme points of B can be characterized in the following way ([l] page 
125): 
Let g E B with llgl]m = 1. Then g is an extreme point of B if and only if 
(1) 7 log(1 - ]g(e’“)l) d6 = -co. 
0 
The fact that K c B implies immediately that every g E K with jlg]lw = 1 and for 
which (1) holds is an extreme point of K. In particular, all the functions f E K for 
which the associated probability measure is a finite sum of point measures are 
extreme points of K, for these functions have absolute value 1 for all but a finite 
number of points on the unit circle. Of course K has many other extreme points. 
For example 
f = (kg - +$’ 
maps A conformally onto A \ (-l,O] and hence belongs to K. Since If I has 
boundary value 1 on an arc of length rr, f satisfies (1). 
In the paper we shall study the set I’, of values for a,( f ), f E K, when ao( f ), 
@(f),.“,6l(f) are prescribed. We are especially interested in those functions 
of K which correspond to boundary points of V,,. 
LINEAR FUNCTIONALS ON K 
Let A be a continuous linear functional on the space of all analytic functions 
on A. By a theorem of Caccioppoli ([5] page 35) there exist a number Y E (0,l) 
and a function cp analytic on a neighbourhood of {z : IzJ 2 Y} such that 
(2) n(f) = S f(z) V(Z) dz. 
r, 
Consider the problem: determine 
There are far too many extreme points in K to be of use. Moreover, K is not 
convex. Therefore we apply an elementary variational technique. Suppose that 
Re A attains its maximum at 
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g = exp(-a J kgdp). 
For every t E [0, m) and for every 19 E [0,2~] we have 
g” = gexp(-tkti) E K, 
and 
g” = g - tgkd + $t2gk; + 0(t3), 
thus 
(3) ReA(g) > ReA(g*) = ReA(g) - tReA(gkB) + it2ReA(gki) +0(t3). 
We conclude that for every 29 E [0,27r] 
(4) ReA(gkd) > 0. 
We also have for t E [- 1, cm) 
g ‘+‘=exp(-(1 +t)aJkddp) E K 
and 
g ‘+‘=g- ta J gk8dp+C3(t2), 
thus 
ReA(g) > ReA(g ‘+’ ) -  ReA(g) - tcrReA( J gk8dl.L) + 0(t2), 
and we conclude that 
cuReA( j gkedp) = 0. 
If o # 0 i.e. if g $ 1, then 
Re A( J gk4 dp) = J Re A(gks) dp = 0, 
and it follows from (4) that Re A(gkG) = 0 p-almost everywhere. 
If the function cp in (2) is a rational function, one verifies immediately that 
is also a rational function, thus 19 --+ ReA(gk8) is a quotient of trigonometric 
polynomials, and we have two possibilities. Either ReA(gkB) has finitely many 
zeros which shows that p is a finite sum of point measures, or ReA(gk,y) is 
identically zero. Then in view of Herglotz’s representation theorem 
Re A(gp) = 0 
for every p E P; for p = 1 we obtain 
(5) Re A(g) = 0. 
Since we have Re A(gkg) = 0 for all 19 we conclude from (3) that 
(6) ReA(gkj) 5 0 
for all 29 E [0,27r]. From the identity 
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l&z) = 1 + 2zkL(z) 
and from Herglotz’s representation theorem we obtain: if p E P then 
p=J- k,dp 
thus 
1 + 2zp’(z) = J k;(z) dp, 
so it follows from (6) that 
Re A( 1 + 2zp’(z))g(z) 5 0. 
Substraction of (5) leads to 
Re A(zp’(z)g(z)) 5 0. 
The choicep(z) = 1 + e”z” shows that 
Ree”A(z”g(z)) 2 0 
for every t E [0,27r] thus 
ReA(z”g(z)) = 0. 
By the continuity of A it follows that 
ReA(fg) = 0 
for all functions f analytic on n and since g E K is zerofree the choice 
f = e”(h/g) shows that 
Re e”A(h) = 0 
for all h analytic on A and all t E [0,27r], hence A is trivial. So we have proved 
that for all non-trivial continuous linear functionals A with rational kernel (p, the 
maximum of Re A is attained only at functions 
where oj > 0, or at the constant function g = 1. 
COEFFICIENT REGIONS 
The investigation of the coefficient region Vt for functionsf E K is relatively 
easy. Let 
f(z)=a~+a~z+a~z~+a~z~+~‘~. 
It is clear that 0 < aa < 1, and it is also clear that for each such a0 there exists a 
functionf E K for whichf(0) = a0 hence VO = (0, 11. 
For every Y E [0, 11, for every t E [0,27r] and for everyf E K the function 
z +f(reirz) = a0 + rule”z + 
also belongs to K. So if a0 is prescribed we see that at covers a disc around the 
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origin. To determine the radius of this disc as a function of CIO (which we denote 
by p(ao)) we employ the following fact. Let X > 0; then 
feK u f%K. 
Note that 
f X(z) = a($ + u;-lalz + {X(X - l)a,x-%; + Xq-‘Q}z2 + ” 
so 
i.e. 
thus 
P(& 
p(ao) = - 
Aa;-’ 
Division by a0 log a0 leads to 
P(Uo) &ox) -----= 
a0 log a0 u$ log a; 
for every X > 0, hence 
P(ao) 
00 log a0 
is constant. If a0 = l/e, we have 
f(z) = e-J’(‘) = exp -( 1 + 2dlz + z&z2 + . . .) = L - 3 z + . . 
e e 
and from IdI I 5 1 we conclude that p(q) = -2~0 loguo. The conclusion is 
Vl = ~-2aologao~ 
If a0 and al are prescribed we are not able to see in this way which set is cov- 
ered by ~22. Therefore we apply a different method. 
BOUNDED FUNCTIONS 
As before let B denote the collection of analytic functions g on n for which 
[g(z)1 < 1 for all z E A. 
g(z) = bo + biZ + b2z2 + bsz3 + ... 
There is a construction of Schur ([6] page 207) to determine necessary and suf- 
ficient conditions for b, when bo, . . , b, _ 1 are prescribed. Of course 
(7) lbol i I, 
and JboJ = 1 if and only if g is a constant. If bo E A is prescribed, consider 
1 g(z) - bo g(z) = - 
z 1 - bog(z) 
= bo + blZ + &z2 + 6323 +. . . 
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where 
b,_, =--J- 
_ 1 
1 - lbo12 
b, + polynomial bo, bl, . . , b, _ 1, - 
1 - IhI 
. 
In particular 
&) =_L- 1 
1 - lbo12 ’ 
& =--- 
i;ob; 
1 - lbo12 
b2+- . 
1 - lbo12 > 
Now g E B H jj E B so the necessary and sufficient condition (7) applied to g 
yields 
i.e. 
lb01 =+I 1, 
1 - lbol 
(8) lb11 I 1 - lbo12. 
This is the necessary and sufficient condition for bl when bo is prescribed. Ap- 
plication of (8) to $j yields 
bob; 
b2 +- 
1 - Pot2 
and we can continue in this way. The result is that b, belongs to a disc whose ra- 
dius and whose center can be expressed in bo, . . , b, _ 1. Schur (161 page 208) 
proved that if b, lies on the boundary of this disc, then there exist wi , . . . , w, E A 
and a constant c with ICI = 1 such that 
The 1 - 1 correspondence between functionsp E P and g E B given by 
g(z) = W) - l 1 + zdz) 
zpo+l’ 
P(Z) = 
1 - zg(z) 
allows us to translate these results to P. If 
p(z) = 1 + 2dlz + 2d2z2 + 2d3z3 + . . . 
g(z)=bo+blz+b2z2+b3z3+... 
then 
b,=d,,+l +polynomial(dt,d2,...,d,). 
In particular 
bo = dl bl = d2 - df b2 = d3 - 2dld2 + df 
b3 = d4 - 2d,d3 - d2’ + 3dfd2 - df. 
We obtain immediately: if dl , . . , d, _ 1 are prescribed then d, varies over a disc 
with center and radius expressible in dl , . . , d,, _ I. More specific 
IdI 51, Id2 - d;I 5 1 - ld112. 
If d, lies on the boundary of the disc then 
P(Z) = 
1 + cz(z + WI/l + WlZ) ‘. (z + Wn/l + NJ) 
1 - CZ(Z + WI/l + WiZ) ... (z + w,/l + %a). 
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All the zeros of the denominator have modulus 1, p is purely imaginary on the 
unit circle, Rep > 0 andp(0) = 1 hence we have 
n+l n+l 
(9) 
&) = c A. l+ ze’ffJ ~ = C Ajkti, (z) 
j=l ’ 1 - ze+ j=l 
for some tij and some Xj > 0, with xyz: Xj = 1. 
COEFFICIENT REGIONS FOR K 
Letf E K and letf = exp(-cup) withp E P and cx > 0. Let 
p(z) = 1 + 2diz + 2d2z2 + 2d3z3 + . . 
f(z) =a~+a~z+a2z2+-’ 
Then we have 
a,=eP{-2ad,+polynomial(a,di,...,d,_i)} n>O 
d, = A polynomial(e*, al,. . , a,) n > 0. 
In particular 
us = eP, ai = -2ePad1, a2 = eP-2cud2 + 2a2df) 
a3 = e -“(-2ad3 + 4a2d,d2 - $cx3d13). 
This shows that the region of variability for a, (n > 1) is a disc with center and 
radius expressible in us, . , a, _ 1. If a, lies on the boundary of this disc, then we 
see from (9) that 
.f=exp(-~$~~jk~~,). 
Explicit expressions for the first coefficient regions are 
vo = (0,ll V1 = {z: IZI 5 -2uologu()} 
v, = {z: lz-2 (1 +$--)I 5 -2uolo?40+2u~~~uo} 
As a final remark we mention the more general problem: Given continuous 
linear functionals A, Ai,. , A, and complex numbers al,. . , a,. Determine the 
functions f E K for which 
4(f) = a/ j= l,...,n 
Re A(f) 2 Re n(g) for all g E K. 
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